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Abstract 

The existence and uniqueness of mild solutions are proved for a class of degenerate 
stochastic differential equations on Hilbert spaces where the drift is Dini continuous in 
the component with noise and Holder continuous of order larger than | in the other 
component. In the finite-dimensional case the Dini continuity is further weakened. The 
main results are applied to solve second order stochastic systems driven by space-time 
white noises. 
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1 Introduction 

Let Hj (i — 1, 2, 3) be separable Hilbert spaces, and let Af (Hp EL,-) be the class of all bounded 
linear operators from Hj to H(1 < i,j < 3). We shall simply denote the norm and inner 
product by j • | and (-, •) for Hilbert spaces, and let || • || stand for the operator norm. 

Let W t be a cylindrical Brownian motion on HI 3 ; i.e. for an orthonormal basis on 

H 3 , we have 

w t = Y, B \K 

i> 1 

where 1 is a family of independent one-dimensional Brownian motions. Let 0 

be the natural filtration induced by W t . 

*FW is supported in part by NNSFC (11131003, 11431014), the 985 project and the Laboratory of 
Mathematical and Complex Systems, XZ is supported partly by NNSFC (11271294, 11325105). 
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We consider the following degenerate stochastic evolution equation on HI := Hi x H 2 : 


dX t = {A 1 X t + BY t }dt, 
d Y t = {bt(X t , Y t ) + A 2 Y t }dt + a t dW t , 


where B E 2z?(H 2 ;Hi), a : [0, 00 ) — y J 2 ?(H 3 ;H 2 ), b : [0, 00 ) x H — » H 2 are measurable 
and locally bounded, and for every i — 1,2, (Ai, 3>(Ai)) is a bounded above linear operator 
generating a strongly continuous semigroup e tAi on Hj. We will let V, and denote 
the gradient operators on H, Hi and H 2 respectively. 


Definition 1.1. A continuous adapted process (X t , Y t ) t& y o,c) is called a mild solution to (II.If 
with life time £, if ( > 0 is an ^-stopping time such that P-a.s. limsup^(|X t | + |Yj|) = 00 
holds on < 00 } and, P-a.s. for all t E [0, C), 


I X t = e tM X 0 + 
[ Y t = e M W 0 + 


^~ s)Al BY s ds, 


>S t ~ s ^b s (X s ,Y s )ds + 


3 ( t-*M 2<7 d w. 


The purpose of this paper is to investigate the existence/uniqueness of the mild solution 
under some Dini’s type continuity conditions on the drift b. The main idea is to construct a 
map which transforms the original equation into an equation with regular enough coefficients 
ensuring the pathwise uniqueness of the solution. This idea goes back to nans] where finite¬ 
dimensional SDEs with singular drift are investigated, see also mm for further develop¬ 
ments. In recent years, this argument has been developed in [U El010j ill] for non-degenerate 
SDEs in Hilbert spaces. The main difficulty of the study for the present degenerate equation 
is that the semigroup P t ° associated to the linear equation (i.e. 6 = 0) has worse gradient 
estimates with respect to x E Hi. More precisely, unlike in the non-degenerate case one has 
II VP f °||oo->-oo ~ £ -1//2 for small t > 0 which is integrable over [ 0 , 1 ], for the present model one 
has HV^ifHoo-Kx, « t ~ 3/2 which is not integrable, where ||P||oo^oo := supy/u^i ||P/||oo for 
a linear operator P and the uniform norm || • Hoc. To reduce the singularity for small t > 0, 
we will use some other norms to replace || • ||oo->-oo- This leads to different type continuity 
conditions on b. Indeed, we will need the Holder continuity of b in the first component 
x E Hi, and a Dini type continuity of b in the second component y E H 2 as in m where 
the non-degenerate equation is concerned. 

To ensure the required gradient estimates on P t °, we make the following assumptions on 
the linear part. 

(HI) atcr* is invertible in H 2 with locally bounded 11 (cr t cr*) —1 11 in t > 0. 

(H2) BB * is invertible in Hi, and Be tAli — e tAl e tAo B for some Aq e JrfflHIi, Hi) and all t > 0. 

(H3) — A 2 is self-adjoint having discrete spectrum 0 < Ai < \ 2 < ■ ■ ■ counting multiplicities 
such that JT>i f° r some 5 E (0,1). 
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Since a t is locally bounded in t > 0, B is bounded, and A\ is bounded above so that 
||e Alt || < e ct holds for some constant c > 0, it is well known from [5] that (H3) implies the 
existence, uniqueness and non-explosion of a continuous mild solution to the linear equation, 
i.e. (II. IK with 6 = 0. As Ito’s formula does not apply directly to the mild solution, in the 
study we will make finite-dimensional approximations. Throughout the paper, we let {ej}j>i 
be the eigenbasis of A 2 , which is an orthonormal basis in H 2 such that A 2 ei = — Ajej. For any 
n > 1 , let H< n) = span{ei, • • • ,e n }, and let : H 2 —> H^ be the orthogonal projection. 
Next, let = BM ^ and : Hi —> H^ be the orthogonal projection. Since BB* is 
invertible, we have lim^oo n^x — x for x £ Hi. Let 

7 r (n) = (n[ n \ 4 n) ) : H —)• H n := H^ x H^ n) . 

In our study of finite-dimensional approximations, we will need the following assumption 
which is trivial in the finite-dimensional setting. 

(H4) There exists n 0 > 1 such that for any n > n 0 , n^B = Bn^ on H 2 , and A \ = 

Ai'n^ on S'(Ai). 


We introduce the following classes of functions to characterize the continuity modulation 
of the drift 6: 


^0 


0 : [0, 00 ) —>• [0, 00 ) is increasing with 0(0) = 0 and 0(s) > 0 for s > 0 }>, 
0 £ @>o : 0 2 is concave and [ ^ ^ d s < 00 


We remark that the condition f* ^^ds < 00 is well known as Dini’s condition, due to 
the notion of Dini’s continuity. Obviously, the class contains 0(s) := { log ( e+ 0-i)ji+r for 
constants K, r > 0 and large enough c > e such that 0 2 is concave. 


Theorem 1.1. Assume (H1)-(H4). 

(1) If for any n > 1 there exist a n £ (|, 1), 0 n £ S>i and a constant K n > 0 such that 

\b t (x,y) - b t (x',y')\ < K n \x - x'\ an + <j> n (\y - y'\), te [0, n], |(x, y)\ V \(x', y')\ < n, 

then for any (A0, Yo) £ H, the equation (II.IK has a unique mild solution (X t ,Y t ) te [ 0 ^ 
with life time (. 

(2) If moreover 

( 1 . 2 ) (b t (x,y+ y'),y) <£ t {\x\ 2 + \y\ 2 ) + h t (\y'\), x £ Hi, y, y £ H 2 , t > 0 

holds for some increasing function I, h : [0, 00 ) x [0, 00 ) —> (0, 00 ) such that f = 
00 holds for all t> 0, then the unique mild solution is non-explosive, i.e. the life time 
C = 00 P-a.s. 


To illustrate this result, we consider the following example of second order stochastic 
system driven by white noise. 
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Example 1.1. Let D C be a bounded open domain, and let A be the Dirichlet Laplace 
operator on D. Consider the equation 


(1.3) 


d?u(t,x) 


=b t (u(t,x),d t u(t,x) + (-A ) e u(t, -)(x)) - (-A ) 2e u(t, -)(x) 
- 2 (-A ) e d t u(t, -)(x) + ^ , t>0,xED. 


Here, 9 > 0 is a constant, W is a Brownian sheet (space-time white noise) on R d , and 
b : [0, oo) x M 2 — y R is measurable such that for any T > 0, 

(1.4) | bt(u, v ) — b t (u\ v') | < C (\u — u'\ a + 4>(\v — v'\)), t E [0 ,T],u,v,u',v' E M 

holds for some constants C > 0, a E (|, 1), and some (f) E S> 

To solve this equation using Theorem 11.11 we take Hj = L 2 (D\ dx) for i — 1,2, 3, and 


OO « 

w t =y>i / 

i = \ J [0,t]xD 


ei(x)W(ds, dx) 


for {e,}j>i the unitary eigenbasis of A. Letting 

X t = u(t , •), Y t = d t u(t , •) + (-A ) e u(t, •), 


we reformulate (11.31) as 


dX t ={Y t -(-A) e X t }dt, 
dY t = {bt(X t , Y t ) - (-A) e Y t }dt + dW t . 


Obviously, assumptions (HI), (H2) and (H4) hold for B — a t — I (the identity operator) 
and A 1 = A 2 = —(— A) e . Moreover, since the eigenvalues of (— A) 61 satisfy A* > ci 26 ^ d for 
some constant c > 0 and all i > 1, assumption (H3) holds for A 2 = —(—A )* 9 provided 9 > |. 
Finally, by Jensen’s inequality it is easy to see that (ll.4|) implies 

WKf, 9) -KLMl^d) < C(\\f-f\\ L 2 {D) + (j)(\\g-g\\ L 2 {D) )), f,gj,g E L 2 (D-dx) : tE [0,T], 


where the constant C might be different if the volume of D is not equal to 1. Therefore, by 
Theorem 11.11 for any 9 > | the equation (II. 5j) has a unique mild solution on L 2 (D]dx) x 
L 2 {D\dx) which is non-explosive. 


Next, we consider the finite-dimensional case, i.e. consider the following degenerate SDE 
on M m x R d : 


dX t = {AX t + BY t }dt, 
dY t = b t (X t ,Yt)dt + a t dW tl 
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where A is an m x m- matrix, B is an m x d-matrix, a : [0, oo) — > J?f(H 3 ; M d ) is measurable 
and locally bounded, and W t is a cylindrical Brownian motion on H 3 . In this case, Theorem 
11.11 can be improved by using the following larger class S >2 to replace 


^2 • — 


e % : 


d t 


is concave, 


= 00 


which includes <f(s ) := ■ for some constant K > 0 and large enough constant c > 0. 

V l°g(c+s _1 ) 


Theorem 1.2. Let Hi = M m and H 2 = M, d be finite-dimensional. Assume that BB* and 
a t cr* are invertible with ( a t u *) _1 locally bounded in t > 0 . 

(1) If for any n > 1 there exist a n 6 (|, 1), <f> n e S >2 and a constant K n > 0 such that 

\b t (x,y)-b t (x',y')\ < K n \x - x'\ an + <j> n (\y - y'\), te [0, n], |(x, y)\ V |(V, y')\ < n, 

then for any (X 0 ,Y 0 ) E M m+d , the equation (11. 6 [) has a unique solution (X t ,Y t ) t£ [ 0t Q 
with life time (. 

(2) If moreover 

(1.7) (b t (x,y),y) <£ t (\x\ 2 + \y\ 2 ), x E M m , y E M d , t > 0 

holds for some increasing function l, h : [ 0 , 00) x [ 0 , 00) —> ( 0 , 00) such that = 

00 holds for all t > 0 , then the unique mild solution is non-explosive, i.e. the life time 
C — 00 P-a.s. 


Example 1.2. Consider the following second order stochastic differential equation on 


d 2 X t 

dt 2 



dX t 

dt 


+ aW t , 


where W t is the d -dimensional Brownian, a E is invertible, and b : [0, 00 ) xt^xl 11 —> 

is measurable such that for any T > 0 the condition (11.41) holds for some constants C > 0, 
a E (|, 1) and some function (j) E S> 2 - By letting m = d and Y t = we reformulate this 
equation as 


( 1 . 8 ) 


dX t = Y t dt, 

dY t = b t (X t ,Y t )dt + adW t . 


According to Theorem 11.21 for any initial point this equation has a unique solution which is 
non-explosive. 


We would like to point out that in the finite-dimensional setting, the pathwise unique¬ 
ness for equation (II.6j) with Holder continuous drifts has been investigated in a preprint by 
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Chaudru de Raynal (http://hal.archives-ouvertes.fr/hal-00702532/document). However, we 
found some gaps in the proof, for instance, the probabilistic representation of the solution 
is wrongly used and this is crucial in related calculations. Obviously, in Theorem 11.21 the 
condition on 6 along the second component y is much weaker than the Holder continuity. 

The remainder of the paper is organized as follows. In Section 2, we investigate gradient 
estimates on the semigroup P s ° t associated to the linear equation (i.e. 6 = 0). These gradient 
estimates are then used in Section 3 to construct and study the regularization transform. In 
Section 4 we use the regularization transform to represent the mild solution to (11.lj) . which 
enables us to prove Theorems 11.11 and Theorem 11.21 in Section 5. 


2 Gradient estimates on P® t 


For any s > 0, consider the linear equation 



( 2 . 1 ) 


By (H1)-(H3) and Duhamel’s formula, the unique solution of this equation starting at 
(x, y) G HI at time s is given by: 



( 2 . 2 ) 


To indicate the dependence on the initial point, we also denote the solution by Y® t )(x, y ). 
Let Pg t be the Markov operator associated to (X/ t , Y° t ) , i.e. 


Ps,tf(x,y) = E t>s>0,(x,y)eMJe 3S b {U). 

By the Markov property, we have P s ° r P r ° t = P^ t for 0 < s < r < t. 

We first present a Bismut type derivative formula for P s ° t . Let 



t > 0, 


where Ho is in (H2). Since BB* is invertible and Ho is bounded, Q t 1 is invertible for every 
t > 0, and for any T > 0 there exists a constant c > 0 such that 


(2.3) 


HQ t - 1 ||<^ t E (0,T]. 
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Next, for any s G [0, T ) and v = (iq, v 2 ) G H, let 


VIt := 


Vi + 


T — r 


<1)^ T (r) ;= e (r - s)A2 


, T — s 
v 2 d 


^ a oBvo dr 


t - s + dd (r _ s)(T ~ r ) B '^‘ )Ai ) v h 

Theorem 2.1. For any s G [0,T),u = (v l ,v 2 ) Gi, / G J^(Hf), and (x, ?/) G HI, tdere holds 


(2.4) (V„P“ t /)(i,b) = E 




Proof. We use the argument of coupling by change of measures as in [6] where the finite¬ 
dimensional case is considered. For any £ G [0,1), let (XJy, Yf t ) t > s solve the equation 


(2.5) 

Noticing that 


dX).. = {M Xlf + BY:.} At. X l, = x + JI.'I, 

= {A 2 Y’ t - e 4” t (()} d( + n.AW,, Y}, =y+ ev 2 . 


d (X; tl - XI,) = {A,(Xl, - X},) + B{Y‘ t - K»,)}df, 

d(U'. - Kt) = {MY,} - u") - £*;,3-(t)}dt. 


by Duhamel’s formula and the dehnition of we have 

Yf t - Y s ° t = £e^- s)M v 2 - £ [ e^~ r)A2 d? v s T (r)dr 


( 2 . 6 ) 


= £e (t ~ s)M 


T-t 


T-s 

On the other hand, by (H2), we also have 


v 2 -(t- s)(T - t)B*e^- s)A °Vf 7 


(2.7) 


Xf t - X° t = £e { - t ~ s)M v 1 + / e^- r)M B<Xf r - Y s ° r )dr 


= £e (t “ s)Al 


V\ + J e (r - s)A °(^— -Bv 2 - (r^s)(T-r)BB*e^ A oV s v ^dr 
In particular, by the dehnition of Vf Tl (I2.6j) and (12.71) imply 

(2.8) (x;, t ,y,‘ t ) = (XI t X.t), E6(0,l). 

Now, since sup tG r SjT i |$^ T (t)| < oo, by Girsanov’s theorem, 

Wf :—Wt~£ f cr*(c7 r cr*) _1 $^ T (r)dr, te[s,T} 
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is a cylindrical Brownian motion on H 2 under the probability measure dP e := /2 e dP, where 


(2.9) 


R s := exp 


.2 rT 


£ / (a*{a r a*) ^^(r), dW r ) - — / | a*{a r a*) dr 


Hence, if we write (j2.5j) as 

dX !,t = + DY s,t} dt ' x t, s = x + £Vi, 

dYs t = A 2 Y* t d t + cr t dW t e , Yf tS = y + ev 2 , 

then by the weak uniqueness of the solution, we obtain 

P%f(x +ev u y + ev 2 ) = E P , [/(X* r , y T )] = E [R,f(Xl T , Y‘ T )]. 

Combining this with (12.8ft and (12.9ft . we arrive at 


(V„P” T /) (*,!/) = liinE 
’ 


%-^/((v,V y h)(z,</)) 


= E 


/(«T,^T)(*,y)) / (a* r (a r a;)-^l T (r),dW r ) 


The proof is hnished. 


□ 


Remark 2.1. I 11 formula (12.4ft . although the operator Ai does not appear explicitly, it is 

used in (I2.7[) implicitly though assumption (H2). Of course, in the finite-dimensional case 
this assumption is not needed, see mm- 


We note that the derivative formula in Theorem 12.11 also applies to Hilbert-valued map 
/ G 3&b{ HI; H) by expanding / along an orthonormal basis of H, where H is a separable 
Hilbert space. Moreover, by the semigroup property, formula (12.4ft also implies high order 
derivative formulas. For instance, for t G (s, T) and «,iiGB, (12.2ft implies 


e (t - s)A 2 n 2 


v t := V v (X° t ,Y° t ) = fe (t - s)Al V! + J e d ~ r)Al B^ r ~ s)A2 v 2 dr, 

Then by P S ° T / = P° t P? T f and (12T21) . @HD, we have 

V„V 5 P,° T / = V„E[(Py/)(.Y»„y;» t ) [ (K(a r 0-'<,(r), AW r ) 


( 2 . 10 ) 


= E 

= E 

= E 


(' XvPt° T f(Xlt,Y s 0 t )) / (a;(a r a;)-^l t (r),dW r ) 


(Xv t P° T f) ( x lt, Y° t ) J (a* r (a r a;)-^l t (r),dW r ) 

mir,Y» t )( f 

fV;(^;)-‘^(r), m r ) 


X 































We will use (I2.4[) and fl2.10p to estimate derivatives of P S ° T / for / G ^(H; H) in terms 
of the norm 

IlfII Mfii , \f{x,y)~ f{x',y')\ 

\\f\\M ■= II/II00+ sup 


where </>, -0 £ ^0 and 


(*,v)? t (*',W') 6 H 0(|x - x'|) + -0(|y - 2/'|) ’ 
is the uniform norm. Let 


^(H;E[) := / G : ||/||^ < 00 . 


Then H), || • ||^) is a Banach space. In particular, for any a G [0,1], if we let 

7 Q (s) = s q 1(o,oo)( s )5 then for a,/? G [0,1], is the usual Holder space and 


l|/|l7a,7/3 


II/IU+ sup 

(x,y)^(x' ,y')£ H 


I f(x,y) - f(x',y')\ 
x — x’\ a + | y — y’\P' 


Note that ||/|| 7o , 7o ~ ||/||oo- 

Corollary 2 . 2 . Assume (H1)-(H3) and, let T > 0 be fixed. Let denote the gradient 
operator on H,, i = 1 , 2 . 

(1) There exists a constant C > 0 such that for any a G [0,1], 

l|V (,) Oll~ 5 C|l/l ]h-°., ■ 0 < s < t <T, f £ «,„ j 70 (H;i). 

(i-s) — 


(2) T/iere exists a constant C > 0 such that for any a G [0,1] and (f) E S>o with <f> 2 concave, 


I|V (2) P",/II~ s 


cil/lk..* 


S L 




holds for all 0 < s < t < T and f G ^^(HI; H), where 5 G (0,1) is in (H3). In 
particular, 

II V (2) P s y lloo < —1==, 0 < s < t < T, f G Ag b (U- H). 

\Jt — S 

Proof. (1) By the interpolation theorem (cf. [9] Theorem 1.2.1]), it suffices to prove it for 

a = 0 , 1 . 

(la) Let a = 1. For any G ii, (12.2D implies 

(2.11) v£>y£ = 0, vWx", = 

So, for any / G (H; HI), 


ivll’u 0 ,/! = 


E 
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Thus, assertion (1) is proved for a = 1. 

(lb) Let a = 0 and 0 < s < t < T, v G EL By (HI) and the definitions of and V” t , 
there exists a constant C\ > 0 such that 

rt 


( 2 . 12 ) 


a* r (a r (J*) $” t (r)| dr < C x 


M* + \ V 2? 


_(t-s ) 3 t 


Combining this with ( 12 . 4 p we obtain 

,v„H 0 r,2 ^ / DO f\2 

(2.13) 


V„p ",/| 2 < (P“,|/| 2 ) J 

2 12 ' 


< c'lTOI/r) 


K | 2 + 


(t — s) 3 t — S 

In particular, with v 2 = 0 this implies assertion (1) for a = 0. 

(2) For v 2 G H 2 and (x,y) G H, let (X° t , Y s ° t ) = (X^Y s 0 t )(x,y) and 


x 


= e (i-s) Ai x+ / e (t - r)Al 5 e (r - s)A 2 |/dr, y = e^~ s)A2 y. 


Moreover, let 


Since E f* ( 
we obtain 


£= e {t ~ r)Al Bdr / e (r - r ' )A2 a r ,dWr', r)= e {t ~ r)A2 a r dW r . 

J s J s J s 

) _ 1 $^(r), dW r ) = 0, applying ( 12.41) with v = ( 0 ,^ 2 ) and using ( 12.121) . 




IVg'P.VKx.y) < 


E 


{/(V,",. ) - /(*,»)} [‘ r), AW r ) 


(2.14) 


< ll/lk,*® 


i«r+ 0 (H) 




< c|l/ "i)id i ' 2l v / E(iei 2 °+^(i')i)) 2 . 

Vt — s 


Noting that (H3) implies 

[ \\e {t - r)A2 a r \\ 2 HS dr < Cl J2 [ 

J s -\1 J s 


e - 2 A,(I-r) dr 


(2.15) 


i>l 


1 — e 2Ai ^ 

£c ‘E—2\—- Cl 

i >1 1 *>1 


£ (2A,(it-»))* = C2(J _ s)Jj 


2Aj ■“ 2Aj 

2>1 

for ci := sup te [ 0jT ] ||< 7 t|| 2 ,c 2 := 2 s ~ 1 c± -py < oo, by Jensen’s inequality we have 

EICI 2 " < <*(t - s) (2+i >", E<«|,|) 2 < WE),|)) 2 < (0([c 2 (« - s)] </2 )) 2 

for some constant C 3 > 0. Combining this with (12.141) we prove the first assertion in (2), 
which implies the second assertion by taking a = 0 and (j) = 70 = 1 . □ 
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Corollary 2.3. Assume (H1)-(H3). For any T > 0 ,a G [0,1] and (ft G 3>o with concave 
(ft 2 , there exist constants C i, C 2 , C 3 > 0 such that for any f G H; HI), 

llvg'vWp"/IU < ci||/|| 7 „, < ,|u 2 ||g 2 | (f ~ S A—A + ^ C2 <* - S 2F1 , 


t — s 


l|V<! ) vg>P, 0 ,/|U < o < s < (< l>! e e h 2 . 

Proof. By the second equality in (12.101) for v = (0,u 2 ) and v = (0,h 2 ), we obtain 


vg’vg’P?,/ = E 


Vg’rfu,/(X'U.rV.) 


» S + ^ 
2 


(a^arafty^^^dWr) 


Combining this with the first inequality in Corollary 12.21 (2) and (\2.12\i . we derive 


livg'vwp^/iu < livg'p^yiu 


< C'lll/llwl^ll^l 


~s+± 

E / |<(^r<) _1< h^ £ ±i^(n)| 2 dr 


(t - s) a{ - 2+& V 2 + 0(C 2 (t - s) 5 / 2 ) 
t — s 


Similarly, with v = (tq,0) in place of (0,h 2 ) the second equality in (12.10p implies 


VS»VS>A/ = E 


S + t 
2 


v£ ) P2 t * )t /« 2± i,) / <^(^<) _1 ^ i2± *(r),dhh r > 


□ 


By using Corollary 12.21 111 and (I2.12|) . we prove the second inequality. 

Finally, we apply the above derivative estimates to the resolvent 

R,,tf ■= f e~^ x Plf r dr, A > 0, 0 < s < t, f G & b ([0, T] x H; H), 

which will be used in the next section to construct the regularization transform. For any 
/ G @ b ([0, h] x I;t), we simply denote 

ll/IU*= su p \\ft\\<t>,4>, (ft,^ e %. 

te[o,T] 

Corollary 2.4. Assume (H1)-(H3) and let T > 0 be fixed. 

(1) Rg jt f G 3§ b ([0, T]; ^, 0!7l ) for any A>0,0<s<t and f G & b {[ 0, T] xl; i). Moreover, 
there exists a constant C > 0 such that for any f G & b ([0, T] x HI; HI), 


l|V ( 2 | P A /|U := sup ||V ( 2 ) fl A ,/(z)|| < Cll/Hc 

0<s<t<T,2gH 


1 — e 


—ATI 2 


A 


, A > 0. 


Finally, for any a G (|, 1) there exists a function 6 : [0, oo) —>■ (0, oo) with 9( A) f 0 as 
A t oo such that 

l|V ( 1 ) P A |U < »(A)||/|| m , A > 0 ,/ e « t ([ 0 ,T];«,„„(H;H)). 
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(2) For any a G (|, 1) and (ft G S>\, there exists 0 < 6( A) ft 0 as A f oo such that 

IIVV^/IU < 0(A)||/|| W , 0 <s<t<T,fe ^ fe ([0,r];^ w (H;H)). 

(3) Let a G (|, 1) and <ft E with concave (ft 2 . Then there exists a constant C > 0 such 

that for any f G 0, T] x HI; HI), 

l|V ( 2 ) (^,,/)(z) - V ( 2 > (i?^/)(z')ll < C||/|| w inf (r + |z-z'|(l + /‘^d s 

rG(0,l) f V Jr s S 

holds for all A > 0 and 0 < s < t < T, where 6 G (0,1) is in (H3) . 

Proof. Assertion (1) follows immediately from the definition of R^ t and Corollary 12.21 Next, 
since || • || 7ct , 70 < c|| • || 7c() 0 holds for some constant c > 0, Corollary 12.31 implies 


(2.16) 

Hence, 


l|vv< 2 >p»,./iu < c 


{r — s)( 4— 3a)/2 

(2.17) ||VV< 2 )(fl"/)|U<C||/|| 7 „ rf 


+ 


<ft{C{r — s) 5 / 2 ) 


r — s 


7a,A 


A (r-s) 


+ 


c ft(C(r — s) 5 / 2 ) 


r — s 


dr, 


( r - s )(4-3a)/2 

which implies the assertion (2) due to a G (|, 1) and f* cft(s)/sds < oo. 

Finally, we prove (3) without assuming cft(s)/sds < oo. By Corollary 2.2 (2), we have 


HV^P s ° r f(z)-V (2) P s , r f(z')H < 


y/r - S 


r > s. 


On the other hand, by (12.161) . we have 

(2.18) |V< 2 >P° r /(*) - V ( 2 ) P° r /(/)| < C\z - z'\ 

Combining these together we obtain 

l|V ,2, (J?L/)(z)-V ,2| (P 2 i /)(z')|l 


+ 


cft(C(r 


S 2 


S 2 


7 


(2.19) 


< C||/|| w 


3 -A (r-s) 


Z — Z 


{r — s)' 


+ 


Vr 


A 


\z — z'\<ft(C[r — s) 2 ) 


ds 


for some constant C > 0. Noting that 


A- A, 

1 A \z-z'\(ft(Cs 2 ) 

Cl 

Co 

1 _ 


ds 


< 


'0 


r 2 /C 2 t s 1 

-^ds + I z — z' 
s 


4>{Cs 2 ) 


< C'r + C'\z 


1 + 


J( r 2/ C 2/5) AT S 

1 H s ) 


ds 


ds , r G (0,1) 


holds for some constant C' > 0, the assertion (3) follows from (12.17ft . 


□ 
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3 Regularization transform 

Throughout this section, we assume that b is bounded. We aim to construct a map 0 : 
[0, T] xl —» El such that Q t is a diffeomorphism for every t G [0, T\, and (X t , Y t ) Qt(X t , Y t ) 
solves an equation which has pathwise uniqueness provided (X t , Y t ) solves (11.ip . In this way 
we prove the pathwise uniqueness of (II. ip . 

The transform will be constructed as 

(3.1) ® s (x,y) := (x,y+ u x (x,y)), s G [0, T\, (x, y) G H 
for large A > 0, where u x solves the integral equation 

(3.2) + 6,}dt, s e [0,T], 

To ensure that 0 S is a bijection on HI for every s G [0,T], we need || ||oo < 1. So, we 

first solve (13.2p and estimate X^u x . 

3.1 Gradient estimates on u* 

Proposition 3.1. Assume (H1)-(H3) and let a G (|, 1), <f> E S' o and T > 0. 

( 1 ) For any R > 0 there exists a constant X(R) > 0 such that (13. 2 p has a unique solution 
u x G Cb([0, T]; ^ 70l7l (HI; H 2 )) provided || 6 ||oo < R- 

(2) For any R > 0 there exist a constant X(R) > 0 and a positive function 6 on [A(i?), oo) 
with 9(X) 10 as X f oo such that if ||fe || 7a ,0 < R then 

(3.3) sup ||VMs ||oo < 5(A) 

se[o,T] 

and 

(3.4) sup II X^^u^iz) — X^u x (^ , )|| < C inf [r + \z — z'\(l+ ( ^ ds^) X 

sg[o,t] r-e(o.i) [ V J r s s ) J 

hold for all X > X(R) and z, z' G HI, where 5 G (0,1) is in (H3). 

(3) If <f> G then for any R > 0, 

lim sup llVV^Wj ||oo = 0 

A->-oo t e [o,T] 

holds uniformly for b with ||&|| 7aj ^ < R. 


13 











Proof. (1) Let 


jr = a([o,r];^ 70 ) 71 (e ; e 2 )), 

which is a Banach space with the norm 


jr := sup ||/t||y = sup (||/ t || 70 , 71 + \\ft\U)- 

te[o,T] te[o,T] 


For any / £ let 


rj(/) := P A T (V‘ 2; '/ + 6) = / e- A <‘-*)p»{V< 2, / t + 6 t }d(, se[0,T]. 


By Corollary 12.41 (1). there exists a constant A (R) > 0 such that 


< R implies 


(3.5) 


|r Hi) - r A (g)|U < jll/ - s\W, f,g e je, A > A (R). 


Thus, by the fixed-point theorem, for A > A (R) and ||&||oo < R the equation (13.21) has a 
unique solution u x £ Moreover, taking g — 0 in (13.51) and by Corollary 12.41 (1), we 
obtain 


(3.6) 

In particular, 

(3.7) 


|w A ||jr < 2||r A (0)|| jr < 


c. 


g||6||c 

7a 


-, A > X(R). 


llV^VHoo < -±, A>A (R). 


(2) All constants Ci mentioned in the proof below are uniform in b with 
A > A (R). By (12.161) and (13.6|) . we have 

l|V (2) P»° t {V' 2) « t A + b,}(z) - V (2 >P“ {V<V + 6,}(z')|| 


\ la ,<t> < R and 


bt 

< Co\\u x 


z — z 


\ 3 te- 


< 


C 3 \z- z'\ 


Combining these with 


(t - sy ~ (t - s ) 2 
we obtain 


-, 0 < s < t < T. 


||v {2 V(z) - v (2 V(OII < (Ci v c 3 ) f T (1 a t < C 4 J\^ 7 \. 


Since ||6|| 7ai70 < ||&|| 7q ,^ < R, this implies 

(3.8) ||V< ) u A + &|| 7l/2 , 7o < c 5 . 

Combining this with (I2.16j) for a = A, we obtain 

II V« 2 >P“ t {V t ,« A + b t }(z) - vwpiqv,,^ + 6.KOII < 


Cq\z — z'\ 
{t - s) 5 /4 


, 0 < s < t < T. 
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This together with (13.7p leads 


||V ( 2 V(z) - V ( 2 ) wV)|| < (C 1 ! V C 6 ) f (lA ^ 5/4 ~ ^ dt < C 7 \z - z '| 4/5 . 


Let ip(s) = \/4>(s) 2 + s such that -0 £ @o- Since || 6 || 7aj ^, < || 6 || 7o ,^ < R, this implies 

l|vfV + f)|U 4 ,+ <c„. 


Thus, by Corollary 12.41 (31 for (a A |,0) in place of (a, 0), we obtain 


|V ( 2 ) u A (; 0 ) - V ( 2 V(z')|| < Cg inf {r + \z-z'\(l + 

re(o,i) ( \ 


0(s) 


< Cio inf < r + \z — z'\[ 1 + 

re( 0,1) 


r s S 
l r 5 S 


ds 


ds 


Therefore, (13. 4 p holds for some constant C > 0. Finally, by (13.21) , (13. 8 p and the last inequality 
in Corollary 12.41 ( 1 ), we prove (13.31) for some positive function 5 with 5(\) 0 0 as A 0 oo. So, 
the proof of assertion ( 2 ) is finished. 

(3) Finally, if || 6|| 7q ,0 < R for some a G (|, 1) and 0 G then by assertion (2), V^u A 
is Lipschitz continuous uniformly in s G [0, T] so that 


V(V + 6|| w < C„. 


So, by Corollary 12.41 (21 and (13.21) . we prove assertion (3). □ 

According to (13.61) we have ||V^ 2 ^u A || 00 < 1 for large A > 0, so that Q s given in (13.ip is a 
bijection for every s G [0, T]. To figure out the equation satisfied by (X t ,Y t ) := Qt{Xt,Y t ), 
we need to apply Ito’s formula to u x (X t , Y t ), which is however not available in the infinite¬ 
dimensional setting. Thus, we need to investigate approximations on u x such that Ito’s 
formula can be established for u x (X t ,Y t ) by finite-dimensional approximations. 


3.2 Approximations on u x 

Let IHl [ r ^(i = 1, 2), Eb") and = (7rj; n \ be defined in Section 1. Since BB* is invertible, 
for any x G Hi we have x = By' for y' = B*{BB*)~ 1 x G HI 2 . So, 

(3.9) lim |t i {n \x,y) - (x,y)\ < lim (| n^y -y\ + \B(^ l) y' - y')\) = 0, (x,y) G HI. 

n—>00 n—too 

Let 

ai n) = n^ n) a s , s > 0 . 

Since H^”' 1 is ^-invariant, H^' ) = BM^ and A±B = BA 2 , we have 

(3.10) 4 n) A 2 4 n) = A 2 4 n \ 4 n) AM n) = 
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For any n > 1, consider the equation 

r T 


(3.11) 




-A ( <-» )jP 0 f V W u*’” + 6<"> }dt, a e [0,T]. 


Proposition 3.2. Assume (H1)-(H4) andletrtQ befrom(H4 ) and b E ^([0, T]; 0,(111; H^)). 
T/ien t/iere exists a constant A 0 > 0 such that for any A > A 0 and n > n 0 , equation (13. lip 
has a unique solution u x,n E O,([0,T]; < ^ 70)7l (IHI;H^)) with 


(3.12) 


lim sup (HV^V’loo + ||w A ’ n ||oo) = 0. 

n>nQ 


Moreover, for all s E [0, T] and z E H, we have 

(3.13) lim (|«y( Z ) - Mj a ( Z )| + II V< 2 >( M y - M 2 )( z )||) = 0, A > V 

n—>00 

Proof. By Proposition 13.11 (1), there exists A 0 > 0 such that for any n > 1 and A > A 0 , the 
equation (13. lip has a unique solution u x,n E C&QO, T]; ^ 70)7l (H; H 2 )). By (H4) and (13.10p 
we have 

4 n) P° t f = P° t 7T< n) /, n>n 0 jE H 2 ). 

So, it is easy to see that n ^u x ' n also solves the equation (13. lip . By the uniqueness we get 
u x,n E Cb{[ 0, T]; ^ 70i71 (H; H^)). Obviously, (13. 12ft follows from (13.611 . Let us prove (13. 13h . 
By (13. 2 p and (13. lip , we have 


u x - u x ' n = 


(3.14) 


Let 


+ 


A(,-, )p o ( | v ra (M A _ jdt 

e-" 1 '-* 1 P?,p t2) ,+ bt 


b t -b 


g s {z) = lim sup ||V^(u A — « A ’ n )(z)||, s E [0, T], z E H. 

n—> 00 

By (I3.12p . g E & b ([0,T\ x H). Moreover, since 

||V (2) n A || 00 < 00 , ||6 w ||oo < H&lloo < 00 , lim | b t (z) - b[ n \z)\ = 0, 

n—>-oo 

it follows from (I2.13P with V\ — 0 and the dominated convergence theorem that 

V ( 2 ) pO i | v W^ )l( A + 6( _ i ,(»)| W 


lim sup 

n—>00 


< C lim sup / 

n—>00 J s 


d t 


yjt — S 


p «l v ® „(»)“( + h ~ <P| 2 W)’df = 0. 
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Combining this with (13. 14p and (12.1 3p . we obtain 


g s (z) < C 1 ini sup 

n—>oo 

< C'llMloo / 


r T e -A (t-s) 

Js Vt- s 

T p-A(t-s) 


d.l v !S>(h-h'")| 2 W) 2 ® 


C' 


-j=={Pl t \g\^{z)dt < ^h\U 8 e [o ,T],z e e, A > Ao 


for some constants C,C' > 0 independent of s,z. This implies g s (z) = 0 when A is large 
enough. □ 


4 Representation of Y t using u x 

Assume (H1)-(H4) and let b G A@b([ 0, T]; Cb(IHI; H 2 )) for some T > 0. Let u x be constructed 
in Section 3 for A > Ao, where Ao is in Proposition 13.21 

Theorem 4.1. Assume (H1)-(H4) and let b G =^([0, T]; C&(]HI; H 2 )) for some T > 0. If 
(Z t ) t6 [o,TA-r] := (X t , Y t ) tmT AT] solves (HH]) for some stopping time r, i.e. P -a.s. 


(4.1) 


X t = e tAl X 0 + / e^~ s)Al BY s ds, 0 < t < T A r, 
Jo 

Y t = e tA *Y 0 + [ e^~ s ^{b s (X s ,Y s )ds + a s dW s }, 


then for any A > Ao, P-a.s. 

Y t = e tA °Y„ + e Ml «J(Z 0 ) - u x t (Z t ) + / (A - A 2 )e«-> A *u x ,(Z,)ds 


(4.2) 


+ / dW,+ (V 


’ (2) n A 




0 < t < T A r. 


Proof. Let (X° t , y^ t ) solve the linear equation (12.1 ft with initial value jgE Write 

z°y-=(KfY°,), 4? ■■= * {n> 

By (H4) and (13.10ft . = (xjfj ,Y^} solves the following equation: 


dxg } = {A l X^ + BY$}dt, 
d Yff = A 2 Y$dt + a t (n) dlL, 


(4.3) 

Since z£fj(z) = n n z, by the uniqueness we have 


(4.4) 


Z^{z) = zgV"’*). 
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Let u x and u x,n be in Proposition 13.21 Let 

ft n) = ^l) u t' n + b t n \ t E [0, T], n > n 0 . 

For fixed £ 0 > 0, let 

F^(z) := P s ° r+£0 (/W o t r^)(z), 0 < s < r < T, z e U,n > n 0 . 
By (ED we have 

(4.5) F,<“>(z) = E[/W(Z<”> +t0 (z))] = E [fi n) (Zl%, 0 (^h))] = 

Since Ee > 0 is Bxed, by 15071 we have FlV € C t 2 (H (n >; Hi)" 1 ] with 

(4.6) sup (||F,<”)|U + ||VFW|U + ||VVF£>|U) < oo. 

0<s<r<T,n>no ' ' 

By (I4.5p . (14.3|i and Ito’s formula, we have 


( 4 . 7 ) dF«” r »(Z, ( ”>) = F,W)(Z<?)di + (v®, dH . Fi;»)(zi">), 


where for F G (H; H2) with F = F o n( n \ 


(^F)(x,y) := i ^(<T t «T t *e i ,e,)Vg>V«F(i,!/) +vJt+^Fti,!/), (*,„) 6 H 


( 1 ) 


i,j =1 


Combining ( 14 . 5 p . ( 14 . 6 p and ( 14 . 7 p . we obtain 


( 4 . 8 ) 


—F<”> = - lim 
ds s ’ 


FX Z Fl = _ i im E[Fff(zhb) - Fffl(zr„- e )] 


z{n) ( ryin) 


= — lim 


£ 4-0 s 

i r 


e4-0 


£ 


•W £ J,-e 


dt = a.e. S e(0,f+t) 


Thus, if we write 


<4 : = / e 


A( '“ , F" 1 +e „(/ 1 (n) »tr ( ’' ) )di= / e-'(‘-)F, ( ?> d t, 


then satisfies 


S,£Q 


(4.9) 


= (A - jfXKz - C»(( v w" 


( 3 (.A."atHl 07 r b* 


s 1 s 


,} )- 


Noticing that by ( 14 . 5 j) and definitions, 


u x ’ n = u X ’ n o 7 r (n) 

a S,£0 a S,£ 0 ’ 
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we may apply Ito’s formula to u x f Q (Z s ) = Ug’£ Z s ) so that (14.ip and (14. 9 p imply 

*4”(z.) = + '«”+sXi”)( z -) ds 

ox(”>)+A^d(Z,)ds. 


(2) u A '” 1 >- lnl 


= (v£UX”(^.) + [vg,<£ - d«+»({v(w 

Thus, for any t > 0, we have 

U&(Z.) - e‘*<; c (Zo) = /'d(e«-)*« A ;“(Z,))/d S 

Jo 

= - f A 2 ^-^u x ,%(Z,)is+ f‘^- )M (V^ iw u x ,:Z)(Z,) 


(4.10) 


I / fY 7 ( 2 ) 7 / A ’ n — P° 

' ^ \ V b^ 71 ) Us i £ o s,s+£o 


(V*S,«y))(>r l " , (Z,))di> 

+ ^‘e<‘-.)4 J ( AM J,~ _ P» J+M 6("))(7r<")(Z,)) ds . 

We claim that the desired formula (14.21) follows by first letting e 0 i 0 and then n | oo. To 
see this, we write 


(4.11) 


< 4 ” - 4 " = 


P°, t {P° t+ Jf! n) O Jr^) - fl n) }dt. 


By the boundedness and continuity of 4* and /( 1 , and noting that lira eo ^o Ff t+ Stt f — f for 
/ G Cb(EI; Ho), we obtain 

(4.12) lim lim«’“ - 4”) = 0, lim hm(P° i,<">)(,r<”>(Z s )) = b,(Z.). 


n—Aoo eotO ' ° ,£ ° ° ' ra— aoo eolO' 

Moreover, (I2.13P with v\ = 0 and (14.lip imply 

oT c 


lim lim || V (2) - u x ’ n )|| < lim lim f 2— yjP° >t \Ff, t+eo (fi n) ° ^ (n) ) ~ /t H | 2 dt = 0. 


n-AooeolO" ' ,3 ’ £o S /H n-AooeolO J s y/T 

Combining this with (14.12ft and Proposition 13.21 we obtain 


(4.13) lim lim(|<J 0 -u A | + ||V< 2 >(-- A .» - A 

n-Aooeoi-0 


^ U s]e 0 - U < 


= 0. 


Thus, taking inner product for both sides of (14.10p with every e* and letting e 0 i 0 and 
n t oo, we conclude that P-a.s. for all t 6 |0,T Ar] and all i > 1, 

(u x (Z t ), ei ) -e- A7t (u 0 A (Z 0 ),e,) = ,(^(Z S ), e,)ds 

Jo 

+ r e - A ‘<‘->((V® dH ,«J)(Z.).ei> + /‘e- A,( ‘- s) (Au > A (Z.) - 6 s (Z.),e.)ds. 
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That is, P-a.s. for all t E [0, T A r], 

u${Z t )-e tA *u%{Z 0 ) = [ A 2 ^- s ^u x s {Z s )&s 

Jo 

+ + f e«-1 A \\u)(Z.) - b.(Z.))ds, 

Jo Jo 

which then gives (14,2ft by combining the second equation in fl4.ll) . □ 

As a consequence of Theorem 14.11 we have the following pathwise uniqueness result. 
Corollary 4.2. Assume (H1)-(H4) and, let b : [0, oo) —$■ 0,(11; Hb) be measurable such that 

sup ll^i< 00 , T > 0 

te[o,T] 

holds for some a E (|, 1) and <f E S>\. Let (. X t ,Y t ) t > 0 and (X t ,Y t ) t >o be two adapted 
continuous processes on HI with (X 0 , Y 0 ) = (AT 0 , ho). For any n >1 let 

r n = n A inf{t > 0 : \(X t , Y t )\ >n}, f n = n A inf {t > 0 : \(X t , Y t )\ > n}. 

If ( X t ,Y t ) and (X t ,Y t ) are mild solutions to (II.ip for t E [0, r n A f], then r n = f n and 
(X t ,Y t ) = (X t ,Y t ) for all t E [0, r n ]. 

When Hi!, HI 2 are finite-dimensional, the assertion holds for LZ 2 in place of S>\. 

Proof. Due to Theorem 14.11 and Proposition 13.11 the proof is similar to that of [TT) Proposi¬ 
tion 3.1]. We address it here for complement. Write 

T n := T n A f n , Z t := (X t , Y t ), Z t := ( X t , Y t ). 


It suffices to prove that for any T > 0, 

(4.14) [ E[l {s<Tn} \Z s - Z s \ 2 ]ds = 0. 

Jo 

By Theorem 14.11 for r = T n , we have 

h(t) := E[l {t<Tn} |Z t - Z t | 2 ] = E[l {t<Tn} (\X t - X t \ 2 + \Y t - Y t | 2 )] 


< C'i 


e / i {s<Tn }|h; - w| 2 ds + ae / i {s<Tn} \u x {z s ) - w^(z s )| 2 ds 


i(t) + j{t) 


2E[l{ t <T„}|u^(Z t ) — u x ATn (Z tATn )\ 2 ] 


for some constant Ci > 0 and t E [0, T], where 


(4.15) 


/(f) := E 


1 {«t„, / A 2 e«-^{u*(Z,)-u$(Z,))ds 


J(t ) := E / l{,<T,,}l|e ( ‘-* M iLI|V ( V(E.) - V<V(Z,)|| 2 ds. 
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B ( 13.31) . we have 

(4.16) |« A (Z.) - «J(Z,)| + ||V< 2 >«J(Z S ) - V< 2 >u A (Z.)|| < 0(\)\Z, - Z, 

This implies that for all r G [0, T], 


(4.17) g(r) := / /i(t)dt < C 2 / g(f)dt + C 2 / (7(f) + J(f))df + 26>(A) 2 5f(r). 


By (14.151) and Holder’s inequality, we have 

m -^(Z s ), ei )ds 

i>l J o 

<ys/ l(,<T n )A.e-“-> A -K A (Z«) - u A (Z g ), e,) 2 ds, 


which, together with Fubini’s theorem and (14.161) . yields 

E [' I(t)dt < Va,e [ r dt 

70 70 70 

°° /*r rr 

= VE l {a<Tn} (u*(Z a )-u*(Z a ), ei ) 2 ds X^-^dt 

(4.18) i=i 

< E [ l {s<Tn }\u x s (Z s ) - u*(Z s )\ 2 ds 
Jo 

<0( A) 2 / E[l {s< 'r n} |Z s — Z s | 2 ]ds = 6(X) 2 g(r). 

Jo 

On the other hand, by (14.151) . (14.16ft and (12.151) . we have 

E r J(t)dt = E /7,<T„}l|V< 2 y(Z g )-V< 2 >u A (Z g )|| 2 cU F \\e»-^f HS dt 

Jo Jo Js 

h(s)ds = C20(X) 2 g(r). 

Substituting this and (14.181) into (14.171) . we arrive at 

g(r)<C 2 [ g(t)dt + (C 2 + 2 + c 2 )6(X) 2 g(r), rG[0,T]. 

Jo 

Therefore, by letting A be large enough so that (C' 2 + 2 + c 2 )6 ) (A) 2 < |, then using Gronwall’s 
inequality, we obtain g(T) = 0. The proof of the hrst assertion is complete. 

Finally, when El! and H 2 are finite-dimensional and the condition on b holds for 0 G f^ 2 , 
in the above proof, we only need to give a different treatment for E J Q r J(t)dt. Notice that 


< c 2 e(\y 
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in this case, sup t>0 ||e M2 ||H 5 < oo, and by taking r = 1 A \/g(t) in f!3.4p . we obtain 
||V (2) u s (Z s ) - V (2) u s (Z s )|| 

(4 ' 19) <cJ^{t) + \z s -z s \(i+ [ ^P-ds') ), se[0,T],t>s 

l V Jg(t) s / 2 A1 s J J 

for some constant C 3 > 0. Hence, for some constants C 4 , C 5 > 0, we have 

E r J(t)dt = E f At /‘l { , <Tt , ) ||e«-)- 4 »||'| IS ||V' 2 » !1 J(Z,)-V< 2 ) tlj A (Z I )|| 2 d S 
Jo Jo Jo 


<cJ r AtfUt) +Ks) (t + f 

Jo Jo l V Jg(t) s / 2 M S 

2 


ds 


<C 5 T g{t)(l+ f ^ds] dt, r E [0, T\. 
Jo V Jg(t) s / 2 Al s J 


I g(t) s / 2 Al S 

Substituting this and (14.18[) into (14.17p for large A, we arrive at 

00 


for 


g(r)<C 6 I g(t)(l + / ^^ds) dt= p(g(t))dt, r e [0, T] 

Jo \ J g(t) s / 2 M s J Jo 

some constant Cq > 0, where pit) := C§t ^1 + f t l/ 2 A1 ^pdsj . Since 0 E @ 2 , we have 

f 1 dt 2 f 1 


dt 


= 00. 


Jo p(t) Cq5 J 0 t(l + 

Therefore, by Bihari’s inequality, this implies g(T) = 0 which is equivalent to (14.141) . 


5 Proofs of Theorem 11.11 and Theorem 11.2 

Due to Corollary 14.21 the proofs are more or less similar to pTj §5]. 

Proof of Theorem \1.1[ We split the proof into the following three steps. 

(a) Firstly, we assume that for any T > 0 there exist a E (|, 1) and 0 E such that 
sup tg [ 0 T ] ||& t || 7ai 0 < oo. By Girsanov’s theorem, we see that for any T > 0 and any initial 
value (XoTo); the equation (11.11) has a weak mild solution up to time T. Moreover, by 
Corollary 14.21 the mild solution is pathwise unique up to arbitrary time T > 0. So, by 
the Yamada-Watanabe principle [ 12 ] (see [ 8 ] Theorem 2 ] or [TO] for the result in infinite 
dimensions), for any initial value, the equation ( 11 . 11 ) has a unique mild solution which is 
non-explosive (i.e. the life time £ = oo). 

(b) In general, take 0 E C“([0, oo)) such that 0 < 0 < l,0(r) = 1 for r E [0,1] and 
0(r) = 0 for r > 2. For any m > 1, let 

b [ r\ z ) = b t /\m(z)ip(\z\/m), (>0yeH. 
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Then by the condition in Theorem 11,11( 1). for any m > 1 and T > 0, there exist a G (|, 1) 
and 0 G Q>\ such that 

SU P Wt h a ,4> < °°- 
te[o ,T] 

So, for any initial value (X 0 ,Yo), the equation (11.11) for in place of b has a unique mild 
solution (X t (m \Y t (m) ) t > 0 which is non-explosive. Let 

T m = m A inf [t > 0 : Y^)\ > mj, m > 1. 

Since 6,!™'^ (z) = b s (z ) for s < m and \z\ < m, by Corollary 14.21 for any n,m > 1 we have 
(x[ n \Yt) = (Xf ,Y t ^) for t G [0, T n A r m ]. In particular, r m is increasing in m. Let 
C = lirn^oc T m and 

OO 

(X„Y t ) = V 1|T„ := o,t e [0,0. 

ra=l 


Then it is easy to see that (X t , Y t ) te [ 0 ,c) is a mild solution to (11.11) with life time ( and, due 
to Corollary 14.21 the mild solution is unique. Thus, the assertion (1) is proved. 

(c) Let (II. 2p hold for some positive increasing £,h such that /,°° = oo,£ > 0. Let 

(X t ,Y t ) te [ 0 ,f) be a mild solution to (II. ip with life time £. Let = f* e^~ s ^ A 2 a s dW s . Due to 
the boundedness of a and (H3), is an adapted continuous process on H 2 up to the life 
time ( with 

r T Y 

t]t=\Y 0 \ 2 + 2 /iTAc(l^l)ds < oo, T > 0. 

Jo 

Then Y t :—Y t — solves the equation 

dY t = (A 2 Y t + bt(X t ,Y t + £ t ))dt, Y 0 = Y 0 , t < (. 

Due to (II.2p . the increasing property of h,£, and A 2 < 0, this implies that for any T > 0, 


So, 


d|D t | 2 <2(Y t ,b t (X t ,Y t + &))dt 

< 2(e TA<: (\X t \ 2 + \Y t \ 2 ) + Ml6l))dt, |Do| 2 = |F 0 | 2 , t < C A T. 


\Y t \ 2 <VT + 2 l T (\X r \ 2 + \Y r \ 2 )dr, T > 0,t G [0,L A(). 


On the other hand, there exists a random variable C > 1 such that 


(5.1) |X r | 2 = 


i rAl X 0 + / e^ r ~ s)Al BY s ds 


< C + (C - 1) sup |Ys| 2 , rG[0,TA(). 

s€[0,r] 


Therefore, g{t) := sup se [ 0t ] |D S | 2 satisfies 

g(t)<r] T + 2f i T {C + Cg(r))dr, T > 0, t G [0, T A (). 
J o 
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Letting 

f s dr 

l,!>l ./, 2MC+^j’ 

by Biharis’s inequality, we obtain 

(5.2) g(t) < +t), T > 0,f £ [0,C AT). 

This implies P(C < oo) = 0, i.e. (X t , Y t ) is non-explosive. Indeed, by the property of the life 
time and 05.11) and (15. 2p . on the set {C < T} we have P-a.s. 

oo = limsup(|dQ| 2 + |Tj| 2 ) < lirasup g(t) < r^ 1 (r t(^t) + T) < oo, 

AC AC 

where the last step is due to the fact that rr(r) f oo as r f oo, which implies T^ 1 (r) < oo 
for any r £ (0,oo). This contradiction means that P(C < T) = 0 holds for all T £ (0, oo). 
Hence, P(C < oo) = 0. □ 

Proof of Theorem [TTH . Since HI is finite-dimensional, we may apply Ito’s formula for \X t \ 2 
directly to prove the non-explosion from (11.71) as in (c) in the proof of Theorem II. 1[ So, as 
explained in the proof of Theorem 11.11 it remains to prove the pathwise uniqueness for b 
satisfying 

sup INI 7aj </> < T > 0, 
te[o,T] 

where a £ (|, 1) and <f E S> 2 - To apply Corollary 12.41 we reformulate (ll.6|) as (II. lj) for 
A\ = A, A 2 = Id, and b t — Id in place of b t , where Id is the identity operator on W l . Then 
assumptions (HI). (H3) and (H4) are trivial since El is finite-dimensional. Moreover, (H2) 
holds for A 0 = I m — A. Thus, the pathwise uniqueness follows from Corollary 12.41 □ 
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